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Introduction

@ What is the Orbit Method?
The Orbit Method is a method to determine all irreducible
unitary representations of a Lie group.

@ Why is it useful?
Representation theory remains the method of choice for
simplifying the physical analysis of systems possesing
symmetry.

@ The Orbit Method is entangled with its physical counterpart
geometric quantization, which is an extension of the
canonical quantization scheme to curved manifolds.
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Definition (Representation)

A representation of a group G on a vector space V is a group
homomorphism from G to GL(V), i.e.amap p: G- GL(V)
such that p(g192) = p(91)p(92) forall gy, g € G.
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Representations

Definition (Representation)

A representation of a group G on a vector space V is a group
homomorphism from G to GL(V), i.e.amap p: G- GL(V)
such that p(g192) = p(91)p(ge) for all g1, g2 € G.

@ Loosely speaking: a representation makes
an identification between abstract groups
and more managable linear
transformations of vector spaces.

@ Reduce group-theoretic problems to
problems in linear algebra, which is
well-understood.
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@ Let G be a matrix group, i.e. a group of invertible matrices,
and let V be its Lie algebra g. Then the adjoint
representation Ad is defined by
Ad(g)X =gXg'forge G, X eg,
which is just matrix conjugation.
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@ Let G be a matrix group, i.e. a group of invertible matrices,
and let V be its Lie algebra g. Then the adjoint
representation Ad is defined by
Ad(g)X =gXg'forge G, X eg,
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@ Let G be a Lie group. The coadjoint representation Ad”* is
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The adjoint and coadjoint representation

@ Let G be a matrix group, i.e. a group of invertible matrices,
and let V be its Lie algebra g. Then the adjoint
representation Ad is defined by
Ad(g)X =gXg'forge G, X eg,
which is just matrix conjugation.

@ Let G be a Lie group. The coadjoint representation Ad”* is
the dual of the adjoint representation Ad, defined by
Ad*(g) =Ad(g~")* (g€ G) with
(Ad(g™")*F,X) = (F,Ad(g"")X) for X e g, F e g*.

@ In case Gis a matrix group then g = g* and the coadjoint
representation is just matrix conjugation again.
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Coadjoint orbits

Definition (Coadjoint orbit)

Given F € g*. The coadjoint orbit O(F) is the image of the map
k: G — g* defined by x(g) = Ad*(g)F.
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Given F € g*. The coadjoint orbit O(F) is the image of the map
k: G — g* defined by k(g) = Ad*(g)F.

@ Why are coadjoint orbits so important?

Coadjoint orbits O(F) are symplectic manifolds!
Proof: exercise for the very motivated listener.
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Definition (Coadjoint orbit)

Given F € g*. The coadjoint orbit O(F) is the image of the map
k: G- g* defined by x(g) = Ad"(9)F.

@ Why are coadjoint orbits so important?

Coadjoint orbits O(F) are symplectic manifolds!
Proof: exercise for the very motivated listener.

@ Symplectic manifolds are manifolds M equipped with a
differential 2-form satisfying,
w = wy(X)dx* Adx”, dw=0,
where w,,, is an anti-symmetric, invertible matrix and x*
are local coordinates on M.
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Coadjoint orbits

Definition (Coadjoint orbit)

Given F € g*. The coadjoint orbit O(F) is the image of the map
k: G- g* defined by x(g) = Ad"(9)F.

@ Why are coadjoint orbits so important?

Coadjoint orbits O(F) are symplectic manifolds!
Proof: exercise for the very motivated listener.

@ Symplectic manifolds are manifolds M equipped with a
differential 2-form satisfying,
w = wy(X)dx* Adx”, dw=0,
where w,,, is an anti-symmetric, invertible matrix and x*
are local coordinates on M.

@ Hence coadjoint orbits are always even-dimensional!
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@ su(2) = {(_CIE id C_Jrll;d)‘ b,c,de R} ~ R3.
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@ What are the coadjoint orbits of SU(2)?

@ Take F € su(2). We look for points F e su(2) such that
F=gFg'(geSU2)).
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@ su(2) _{(—C+id _ib )‘b,c,deR}:R .
@ What are the coadjoint orbits of SU(2)?
@ Take F € su(2). We look for points F e su(2) such that
F=gFg7(geSU(2)).

@ Applying conjugation-invariant functions
Q:s5u(2) >Cto F:
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The coadjoint orbits of SU(2): part |

o s~ (5 )|aseciopiar-1)

@ su(2) = {(—CIE id C_Jrltl)d)‘ b,c,de R} ~ R3.

@ What are the coadjoint orbits of SU(2)?

@ Take F € su(2). We look for points F e su(2) such that
F=gFg7(geSU(2)).

@ Applying conjugation-invariant functions
Q:su(2) > Cto F:
Q(F)=Q(gFg™") = Q(F) = Q(O(F)) = Constant = K.
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The coadjoint orbits of SU(2): part |

e SU@) = {(g ‘aﬂ)

@ su(2) = {(—CIE id C_Jrltl)d)‘ b,c,de R} ~ R3.

@ What are the coadjoint orbits of SU(2)?
@ Take F € su(2). We look for points F e su(2) such that
F=gFg7(geSU(2)).
@ Applying conjugation-invariant functions
Q:su(2) > Cto F:
Q(F)=Q(gFg™") = Q(F) = Q(O(F)) = Constant = K.
@ Different coadjoint orbits of SU(2) are characterized by
different values for K.

a,BeC,laf +|BP = 1}
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The coadjoint orbits of SU(2): part Il

@ Well-known conjugation-invariant function: the trace!
@ Let F e O(F) c su(2). Then
Tr((F)2) = -2 (b? + 2 + d?) < Constant = ~2R2.
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The coadjoint orbits of SU(2): part Il

@ Well-known conjugation-invariant function: the trace!
@ Let F e O(F) c su(2). Then

Tr((F)2) = -2 (b? + ¢ + d?) £ Constant = —2R2.
@ The coadjoint orbits of SU(2) are spheres of radius R.
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posses symplectic structure.
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Symplectic structure on the spheres

@ Since the spheres are coadjoint orbits of SU(2) they
posses symplectic structure.

@ The symplectic two-form on a sphere of radius R locally
equals
w=Rsin(0)doAndp, 0€[0,7),¢¢€[0,27),
in terms of the local coordinates 6 and ¢.
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The coadjoint orbits of SU(2)

Symplectic structure on the spheres

@ Since the spheres are coadjoint orbits of SU(2) they
posses symplectic structure.

@ The symplectic two-form on a sphere of radius R locally
equals
w=Rsin(0)doAndp, 0€[0,7),¢¢€[0,27),
in terms of the local coordinates 6 and ¢.

@ In terms of the complex coordinates z and z (the
stereographic coordinates) it locally equals

= ips (1+ dz A dz.

2R 4R2)



Geometric Quantization
00000

Axioms for prequantization

e Geometric Quantization
@ Axioms for prequantization



Geometric Quantization
0e0000

Axioms for prequantization

What is Geometric Quantization?

@ Geometric Quantization (GQ): formulates a relationship
between classical - and quantum mechanics in a
geometric language.



Geometric Quantization
0e0000

Axioms for prequantization

What is Geometric Quantization?

@ Geometric Quantization (GQ): formulates a relationship
between classical - and quantum mechanics in a
geometric language.

@ Phase space at the classical level:
a symplectic manifold M (Dingdong).



Geometric Quantization
0e0000

Axioms for prequantization

What is Geometric Quantization?

@ Geometric Quantization (GQ): formulates a relationship
between classical - and quantum mechanics in a
geometric language.

@ Phase space at the classical level:
a symplectic manifold M (Dingdong).
Phase space at the quantum level: a Hilbert space H.



Geometric Quantization
0e0000

Axioms for prequantization

What is Geometric Quantization?

@ Geometric Quantization (GQ): formulates a relationship
between classical - and quantum mechanics in a
geometric language.

@ Phase space at the classical level:

a symplectic manifold M (Dingdong).

Phase space at the quantum level: a Hilbert space H.
@ Quantization is an assignment:

Q : Classical observables — Quantum observables
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What is Geometric Quantization?

@ Geometric Quantization (GQ): formulates a relationship
between classical - and quantum mechanics in a
geometric language.

@ Phase space at the classical level:
a symplectic manifold M (Dingdong).
Phase space at the quantum level: a Hilbert space H.
@ Quantization is an assignment:
Q : Classical observables — Quantum observables
Q: C*(M,R) - operators on H
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mechanics and Schrddinger and Heisenberg quantum
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mechanics Dirac imposed the following axioms on Q:

@ (Q1): Qis linear.
@ (Q2): Q(f) is Hermitian (f € C*(M,R)).
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Axioms for a prequantization assignment

Abstracting from the analogy found between classical
mechanics and Schrddinger and Heisenberg quantum
mechanics Dirac imposed the following axioms on Q:

@ (Q1): Qis linear.

@ (Q2): Q(f) is Hermitian (f € C*(M,R)).
@ (Q@3): Q1) =1.
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Axioms for a prequantization assignment

Abstracting from the analogy found between classical
mechanics and Schrddinger and Heisenberg quantum
mechanics Dirac imposed the following axioms on Q:

@ (Q1): Qislinear.
@ (Q2): Q(f) is Hermitian (f ¢ C*(M,R)).
@ (Q3): Q(1)=1.
@ (Q4): Diracs quantum condition:
[Q(f), Q(g)] = -ihQ({f,g}) (f,ge C*(M,R)).
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Axioms for a prequantization assignment

Abstracting from the analogy found between classical
mechanics and Schrddinger and Heisenberg quantum
mechanics Dirac imposed the following axioms on Q:

@ (Q1): Qis linear.
@ (Q2): Q(f) is Hermitian (f € C*(M,R)).
@ (Q3): Q(1)=1.

@ (Q4): Diracs quantum condition:
[Q(F), Q(g)] = -ihQ({f,g}) (f,gc C*(M,R)).

A Q satisfying axioms (Q1) - (Q4) and that puts into
correspondence an operator on H to every classical observable
fe C*(M,R) is called a prequantization and the corresponding
H is called the prequantum Hilbert space.
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@ A prequantum Hilbert space consisting of square
integrable scalar functions appears not to be the correct
space to consider!
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@ A prequantum Hilbert space consisting of square
integrable scalar functions appears not to be the correct
space to consider!

@ Instead, the correct prequantum Hilbert space consists of
sections of a Hermitian line bundle with connection over
(M,w) with curvature 2-form Q = 5.
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Axioms for prequantization

How is the prequantum Hilbert space build up?: part |

@ A prequantum Hilbert space consisting of square
integrable scalar functions appears not to be the correct
space to consider!

@ Instead, the correct prequantum Hilbert space consists of
sections of a Hermitian line bundle with connection over
(M,w) with curvature 2-form Q = 5.

Definition (Line bundle)
A line bundle over a manifold M is a real manifold X (called the
total space) together with a smooth map pr: X — M (called the
projection) such that

@ pr-'(m) is a copy of C for all me M.

@ pr ' (U) = U x C for a neighbourhood U of m e M.
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How is the prequantum Hilbert space build up?: part I
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X
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Mg

@ A section of a line bundle Xisamap s: U c M — X such
thatpros=1.
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@ A section of a line bundle Xisamap s: U c M — X such
thatpros=1.

@ If we can define an inner product (-,-) (way of measuring)
and connection Vv (covariant way of differentiating sections)
on X in a consistent manner then we call X a Hermitian
line bundle with connection.



Geometric Quantization
0000e0
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How is the prequantum Hilbert space build up?: part I

P"‘l'\“\\ 2Ux&
X

T
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@ A section of a line bundle Xisamap s: U c M — X such
thatpros=1.

@ If we can define an inner product (-,-) (way of measuring)
and connection Vv (covariant way of differentiating sections)
on X in a consistent manner then we call X a Hermitian
line bundle with connection.
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Axioms for prequantization

How is the prequantum Hilbert space build up?: part Il

@ The curvature 2-form Q on a Hermitian line bundle with
connection is defined by
Q(X,Y)=5([Vx, Vy] - Vix,v))
for X, Y € Vect(M).
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@ The integrality condition and the prequantization
assignment
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The integrality condition: part |

@ ltis not always possible to construct a Hermitian line
bundle with connection over the symplectic manifold (M, w)
with curvature 2-form Q = 7.
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The integrality condition: part |

@ ltis not always possible to construct a Hermitian line
bundle with connection over the symplectic manifold (M, w)
with curvature 2-form Q = 7.

In order for a Hermitian line bundle with connection over (M, w)
with Q = % to exist the symplectic form w on M needs to satisfy
the Integrality Condition.




Geometric Quantization
[e]e] lelelele]

The integrality condition and the prequantization assignment

The integrality condition: part Il

Integrality Condition

There exists an open cover U = {U;} of M such that the
cohomology class defined by w in H?>(U,R) contains a cocycle
z = {Zjk} in which all zjxs are 2r multiples of integers.
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The integrality condition: part Il

Integrality Condition

There exists an open cover U = {U;} of M such that the
cohomology class defined by w in H?>(U,R) contains a cocycle
z = {Zjk} in which all zjxs are 2r multiples of integers.

Idea of proof of the ‘sufficience’-part of the Theorem

@ Take a contractible open cover U = {U;} of M such that the
symplectic form w satisfies the Integrality Condition. Then
there exist a real 1-form /3 such that
w=dp;jon U,

Subsequently, there exists a smooth real anti-symmetric
function f; such that

df,-/-:,B,-—ﬁjon U,-mU,-and

ajik = fij + fix + fiy constant on U; n U; n Uk.
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The integrality condition: part Ill

@ By the integrality condition, from this one can define
constant integer-valued functions zjy = f; + fyc + fi; on
Ui n U; n Ux which form a cocycle.
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The integrality condition and the prequantization assignment

The integrality condition: part Ill

@ By the integrality condition, from this one can define
constant integer-valued functions zjy = f; + fyc + fi; on
Ui n U; n Ux which form a cocycle.

@ Then define ¢ = exp(iﬁ,-). These are transition functions
(i.e. they satisfy cjjicikcki = 1, cjcji = 1).
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The integrality condition and the prequantization assignment

The integrality condition: part Ill

@ By the integrality condition, from this one can define
constant integer-valued functions zjy = f; + fyc + fi; on
Ui n U; n Ux which form a cocycle.

@ Then define ¢ = exp(iﬁ,-). These are transition functions
(i.e. they satisfy cjjicikcki = 1, cjcji = 1).
@ From these transition functions one can then construct a

Hermitian line bundle with connection with curvature
Q=% -«
h=h
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The integrality condition and the prequantization assignment

The integrality condition for M = S2

@ In case M = S? (the coadjoint orbits of SU(2)) the
integrality condition states:
Jeewe2nZ < [s Rsin(0)d0d¢ € 217 < 4nR € 2nZ < R e Z/2.
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The integrality condition and the prequantization assignment

The integrality condition for M = S2

@ In case M = S? (the coadjoint orbits of SU(2)) the

integrality condition states:

Jeewe2nZ < [s Rsin(0)d0d¢ € 217 < 4nR € 2nZ < R e Z/2.
@ As a consequence spheres should be of half-integer radius

for the corresponding prequantum Hilbert space to exist.
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The prequantization assignment: part |

@ Prequantum Hilbert space: the space of all
square-integrable sections s: Uc M — X.
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The integrality condition and the prequantization assignment

The prequantization assignment: part |

@ Prequantum Hilbert space: the space of all
square-integrable sections s: Uc M — X.

@ The prequantization assignment
(satisfying only (Q1) - (Q4)) equals

Q(f) = —ihvy, +f,

for f e C*(M,R), Vv the connection and X; the Hamiltonian
vector field corresponding to f,
i.e. a vector field satisfying 2w(Xz,-) = —df(-).
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The integrality condition and the prequantization assignment

The prequantization assignment: part I

@ In case the symplectic manifold is a sphere of half-integer
radius the prequantization assignment equals

; 1 of & _of D\, ; of
Q(f) = —/h(stin(G) (%% - a?%) + /cot(e)@> +f

for fe C°(S? R),
in terms of the local coordinates 6 and ¢.
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The prequantization assignment: part I

@ In case the symplectic manifold is a sphere of half-integer
radius the prequantization assignment equals

; 1 of & of 9 ; of
Q(f) = —/h(stin(G) (%% - a?%) + /cot(e)@> +f
for fe C*(S2,R),

in terms of the local coordinates 6 and ¢.

@ In terms of the complex coordinates z and z it equals

. 5 \-2 >
Q(f)z—’h<2'q2(1 +%) (%%_%%)_(4é§i2)3%>+f
for f e C*(S?,R).
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@ Kahler polarizations and the quantization assignment
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Kéhler polarizations and the quantization assignment

Polarizations: part |

@ The prequantum Hilbert space is still ‘too big’! We need an
extra condition to reduce its size.
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the classical observables preserving the polarization.
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Polarizations: part |

@ The prequantum Hilbert space is still ‘too big’! We need an
extra condition to reduce its size.

@ (Q5): Irreducibility condition. In (GQ) this means selecting
the classical observables preserving the polarization.

@ Polarization: way of reducing the size of the too big
prequantum Hilbert space.

@ How?
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Kéhler polarizations and the quantization assignment

Polarizations: part |

@ The prequantum Hilbert space is still ‘too big’! We need an
extra condition to reduce its size.

@ (Q5): Irreducibility condition. In (GQ) this means selecting
the classical observables preserving the polarization.

@ Polarization: way of reducing the size of the too big
prequantum Hilbert space.

@ How?
Loosely speaking, by putting an additional structure on the
symplectic manifold M by considering certain subspaces of
its complexified tangent bundle TM® = [,y ( TraM)C.
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Kéhler polarizations and the quantization assignment

Polarizations: part Il

@ Example: in case the phase space is flat space R?"
equipped with the coordinates (q',...,q", p1, ..., Pn),
observables on the prequantum Hilbert space are
functions depending on all these coordinates
(q',....q".p1,....,pn), Whereas observables on the Hilbert
space are functions depending only on the coordinates
(q1 y qn) or (p1 ) "‘7pn)'
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Kahler polarizations: part |

@ Kahler polarization: specific type of polarization naturally
defined on Kahler manifolds.
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Kéhler polarizations and the quantization assignment

Kahler polarizations: part |

@ Kahler polarization: specific type of polarization naturally
defined on Kahler manifolds.

Definition (K&hler manifold)

A Kéahler manifold is a complex manifold (M, J) which at the
same time is a symplectic manifold (M, w) such that the
complex structure J (J2 = —/) and the symplectic structure w are
compatible: w(JX,JY) =w(X,Y) for all X,Y € Vect(M,R).
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@ In case M is a Kahler manifold its complexified tangent
space at me M can be split up into the subspaces
TnM©Y and T,,M(-9) which are the eigenspaces
corresponding to the eigenvalues +/ of the restriction of the
complex structure Jp : TyM - Tr;M.
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Kahler polarizations: part Il

@ In case M is a Kahler manifold its complexified tangent
space at me M can be split up into the subspaces
TnM©Y and T,,M(-9) which are the eigenspaces
corresponding to the eigenvalues +/ of the restriction of the
complex structure Jp : TyM - Tr;M.

@ The spaces TM®Y) = 1, /(T»M)©®") and
TM0) = 1 i (TM)(0) are Kahler polarizations of M.
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The sphere is a Kahler manifold

@ Locally, in terms of the complex coordinates zX and Z¥, a
Kéahler form can be written as:
w = 2i00K,
with 0 = dz¥ -2, 9 = dz* % and K the Kahler potential.
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The sphere is a Kahler manifold

@ Locally, in terms of the complex coordinates zX and Z¥, a
Kéahler form can be written as:

w = 2i00K, { (
with 9 = dz" %, 9 = dz¥ % and K the Kahler potential,

9zk>

@ The sphere of radius R is a K&hler manifold with Kahler

potential equal to
K =Rlog (1+7%).
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Hilbert space

@ Hilbert space: the space H of all polarized,
square-integrable sections.
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@ The Hilbert space consists of all polynomials of degree
n < 2k in the complex coordinate z.
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Hilbert space

@ Hilbert space: the space H of all polarized,
square-integrable sections.

@ If M is a sphere of half-integer radius k € Z/2, then

@ The Hilbert space consists of all polynomials of degree
n < 2k in the complex coordinate z.

@ The quantization assignment equals
Q(f) = -/h(%;n(e) (gg% - %%) + icot(e)g—g> +f
for fe C=(S2 R;P)c C=(S% R),
the space of observables f preserving the polarization
P = (TS?)(® ie. the f such that Q(f): H — H.
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- Isaac Newton encrypted his discoveries in analysis in the form
of an anagram that deciphers to the sentence, ‘It is worthwhile
to solve differential equations’. Accordingly, one can express
the main idea behind the orbit method by saying ‘It is
worthwhile to study coadjoint orbits’. -

A.A. Kirillov
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@ Recall: the goal of the Orbit Method is to determine all
irreducible unitary representations of a Lie group.
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@ Recall: the goal of the Orbit Method is to determine all
irreducible unitary representations of a Lie group.
@ The 2 ingredients used are:

@ Coadjoint orbits,
@ Geometric Quantization.
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The Orbit Method

@ Recall: the goal of the Orbit Method is to determine all
irreducible unitary representations of a Lie group.
@ The 2 ingredients used are:
@ Coadjoint orbits,
@ Geometric Quantization.
@ Application: what are the irreducible unitary
representations of SU(2)?
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Outline procedure:

@ Consider the sphere S? of radius 1 and cover it by the
charts U, = 82/xi with x, the north and southpole of the
sphere. A parametrization of U, in terms of the complex
coordinates z, and z, is given by

1_12z+7

X T 214z 2
2 _ —iz-Z
X = 2P
3_4_ 1
xX*=1-vp

where x', x2 and x® are the standard coordinates on R3.
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Outline procedure:

@ Consider the sphere S? of radius 1 and cover it by the
charts U, = 82/xi with x, the north and southpole of the
sphere. A parametrization of U, in terms of the complex
coordinates z, and z, is given by

1_1 247,

X T 214z 2
2_—_/Z+72_+
X = 2P
3_q4__1
X*=1- 1z

where x', x? and x2 are the standard coordinates on R3.
@ Now consider a sphere of radius k = A/2 and note that

wk = kwy. Then quantizing the coordinate functions

x', x?, x3 in terms of z, and Z, gives the operators

Q(x") = 2252 - 2)z,, Q(x*) = - 5% and

Q(x®) =z 5% -\
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@ The operators Q(x'), Q(x?), Q(x?) satisfy the same
bracket relations as the generators of su(2), i.e.
[X1,X2] =2X3, [Xi,X3]=-2Xo, [Xo,X3]=2X;.
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@ The operators Q(x'), Q(x?), Q(x?) satisfy the same
bracket relations as the generators of su(2), i.e.

[X1,X2] =2X5, [X1, X3] =-2Xa, [Xo, X3] =2X;.

@ Hence they form a representation of su(2) in the space of
homogeneous polynomials in z of degree n < 2k, since this
is an invariant subspace of the the space of all polynomials
of degree n < 2k, which is the Hilbert space for the spheres
of half-integer radius.
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@ The operators Q(x'), Q(x?), Q(x?) satisfy the same
bracket relations as the generators of su(2), i.e.

[X1,X2] =2X5, [X1, X3] =-2Xa, [Xo, X3] =2X;.

@ Hence they form a representation of su(2) in the space of
homogeneous polynomials in z of degree n < 2k, since this
is an invariant subspace of the the space of all polynomials
of degree n < 2k, which is the Hilbert space for the spheres
of half-integer radius.

@ By lifting the information from the Lie algebra to the Lie
group this gives all the irreducible unitary representations
of SU(2).
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manifolds and hence the quantization procedure can be
applied to them.
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@ Geometric Quantization is a rigorous quantization scheme
applicable to general curved manifolds. In particular, the
Hilbert space over a curved manifold (M, w) does not
consist of square integrable scalar functions on (M, w), but
of polarized, square integrable sections of a
Hermitian line bundle-with-connection over (M,w) with
curvature Q = 7.
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half-integer radius k € Z/2, consists of polynomials of
degree n < 2k.
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@ By the Orbit Method one can find all irreducible unitary
representations of SU(2). The representation spaces
consist of homogeneous polynomials of degree n < 2k.

@ Outlook: using the Orbit Method to find all irreducible
unitary representations of non-compact Lie groups, such
as SL(2,R) or the Virasoro group!
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